We shall be concerned principally with applying
the method of separation of variables to find product solutions of the following
classical equations of mathematical physics
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or slight variations of these equations. The PDEs (1), (2), and (3) are known, respec-
tively, as theone-dimensional heat equationthe one-dimensional wave equation,

and thetwo-dimensional form of Laplace’s equation.“One-dimensional” in the

case of equations (1) and (2) refers to the fact thd¢notes a spatial variable,
whereast represents time; “two-dimensional” in (3) means tkatndy are both
spatial variables. If you compare (1)—(3) with the linear form in Theorem 12.1 (with

t playing the part of the symby), observe that the heat equation (1) is parabolic, the
wave equation (2) is hyperbolic, and Laplace’s equation is elliptic.

Equation (1) occurs in the theory of heat flow—that is, heat
transferred by conduction in a rod or in a thin wire. The funaiient) represents
temperature at a poirtalong the rod at some tinbeProblems in mechanical vibra-
tions often lead to the wave equation (2). For purposes of discussion, a solution
u(x, t) of (2) will represent the displacement of an idealized string. Finally, a solu-
tion u(x, y) of Laplace’s equation (3) can be interpreted as the steady-state (that is,
time-independent) temperature distribution throughout a thin, two-dimensional
plate.

Even though we have to make many simplifying assumptions, it is worthwhile
to see how equations such as (1) and (2) arise.

Suppose a thin circular rod of lendtthas a cross-sectional arkand coincides
with thex-axis on the interval [Q,]. See Figure 12.1. Let us suppose the following:
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FIGURE 12.1 One-dimensionaflow of heat

< The flow of heat within the rod takes place only inxttaérection.

e The lateral, or curved, surface of the rod is insulated; that is, no heat escapes
from this surface.

« No heat is being generated within the rod.

« The rod is homogeneous; that is, its mass per unit volusia constant.

« The specific heay and thermal conductivitil of the material of the rod are
constants.

To derive the partial differential equation satisfied by the temperatuye),
we need two empirical laws of heat conduction:

(i) The quantity of heat Q in an element of mass m is
Q= ymuy 4)
where u is the temperature of the element.

(i) The rate of heat flow Qhrough the cross-section indicated in Figure
12.1 is proportional to the area A of the cross section and the partial
derivative with respect to x of the temperature:

Q= —KAu,. (%)



Since heat flows in the direction of decreasing temperature, the minus sign in (5) is
used to ensure thg}, is positive foru,< 0 (heat flow to the right) and negative for

u, > 0 (heat flow to the left). If the circular slice of the rod shown in Figure 12.1
betweenx and x + Ax is very thin, thenu(x, t) can be taken as the approximate
temperature at each point in the interval. Now the mass of the stice is(A AX),

and so it follows from (4) that the quantity of heat in it is

Q = ypAAxu. (6)

Furthermore, when heat flows in the positivdirection, we see from (5) that heat
builds up in the slice at the net rate

—KAu (X, t) — [-KAUX + Ax, t)] = KAJu (X + Ax,t) — u(xt)]. (7)
By differentiating (6) with respect tpwe see that this net rate is also given by
Qi = ypAAX U, (8)

Equating (7) and (8) gives
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Finally, by taking the limit of (9) asAx— 0, we obtain (1) in the form*
(K/yp)u, = u. It is customary to lek = K/yp and call this positive constant the
thermal diffusivity.

Consider a string of length, such as a guitar string,
stretched taut between two points on xkexis—sayx = 0 andx = L. When the
string starts to vibrate, assume that the motion takes place iHplane in such
a manner that each point on the string moves in a direction perpendicular to the
x-axis (transverse vibrations). As is shown in Figure 12.2(al(lett) denote the
vertical displacement of any point on the string measured from-abes fort > 0.
We further assume the following:

e The string is perfectly flexible.

e The string is homogeneous; that is, its mass per unit lepgih a
constant.

* The displacementsare small in comparison to the length of the string.

* The slope of the curve is small at all points.

e The tensiorl acts tangent to the string, and its magnitlide the same at
all points.

* The tension is large compared with the force of gravity.

* No other external forces act on the string.
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FIGURE 12.2 Flexible stringanchored at = 0 andx = L

Now in Figure 12.2(b) the tensiods and T, are tangent to the ends of the
curve on the intervalx[ x + Ax]. For small6, and 6, the net vertical force acting
on the corresponding elemeks of the string is then

Tsinf, — Tsing, = Ttanh, — Ttan6,
= T [UX(X + AX! t) - uX(Xl t)];T

whereT = |T,| =|T,|. Nowp As = p Ax is the mass of the string or k + Ax],
and so Newton'’s second law gives



Tlu (X + AX, 1) — u (X, t)] = p AX Uy

U(X + Ax 1) —u(xt) _p U
Ax T

or

If the limit is taken asA\x — 0, the last equation becomgs= (p/T)u,. This of
course is (2) witla? = T/p.

Although we shall not present its derivation,
Laplace’s equation in two and three dimensions occurs in time-independent prob-
lems involving potentials such as electrostatic, gravitational, and velocity in fluid
mechanics. Moreover, a solution of Laplace’s equation can also be interpreted as a
steady-state temperature distribution. As illustrated in Figure 12.3, a sal(tion
of (3) could represent the temperature that varies from point to point—but not with
time—of a rectangular plate. Laplace’s equation in two dimensions and in three
dimensions is abbreviated ®3u = 0, where
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are called the two-dimension&bplacian and the three-dimensional Laplacian,
respectively, of a function.
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FIGURE 12.3 Steady-state FIGURE 12.4 Plucked string

temperatures in a rectangular plate

We often wish to find solutions of equations (1), (2), and (3) that satisfy certain
side conditions.

Since solutions of (1) and (2) depend on tinee can
prescribe what happens tat 0; that is, we can givénitial conditions (IC). If
f(X) denotes the initial temperature distribution throughout the rod in Figure 12.1,
then a solutionu(x, t) of (1) must satisfy the single initial conditioiix, 0) = f(x),
0 < x < L. On the other hand, for a vibrating string we can specify its initial dis-
placement (or shapé}x) as well as its initial velocitg(x). In mathematical terms
we seek a functioa(x, t) satisfying (2) and the two initial conditions:

u(x, 0) = f(x), % o gix), 0<x<L. (10)

For example, the string could be plucked, as shown in Figure 12.4, and released
from rest g(x) = 0).

The string in Figure 12.4 is secured to ¥axis at
x = 0 andx = L for all time. We interpret this by the tvimundary conditions (BC):

u©,t) =0, ulL,t)=0, t>0.



Note that in this context the functidnin (10) is continuous, and consequently,
f(0) = 0 andf(L) = 0. In general, there are three types of boundary conditions
associated with equations (1), (2), and (3). On a boundary we can specify the values
of oneof the following:
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Here ou/on denotes the normal derivative of(the directional derivative afi in

the direction perpendicular to the boundary). A boundary condition of the first
type () is called aDirichlet condition; a boundary condition of the second type
(i) is called aNeumann condition; and a boundary condition of the third type
(iii ) is known as &obin condition. For example, fot > 0 a typical condition at

the right-hand end of the rod in Figure 12.1 can be

i) u(L,t) = uy uga constant,
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(i)’ o = —h(u(L,t) — u,), h> 0andu,constants.
x=L

Condition ()’ simply states that the boundaxy= L is held by some means at a
constantemperature gfor all timet > 0. Condition {i)' indicates that the bound-

ary x = L is insulated From the empirical law of heat transfer, the flux of heat
across a boundary (that is, the amount of heat per unit area per unit time conducted
across the boundary) is proportional to the value of the normal derivatiue of

the temperatur@. Thus when the boundary= L is thermally insulated, no heat
flows into or out of the rod, and so
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We can interpretii{)’ to mean thaheat is lostfrom the right-hand end of the rod

by being in contact with a medium, such as air or water, that is held at a constant
temperature. From Newton’s law of cooling, the outward flux of heat from the rod
is proportional to the difference between the temperai(ltet) at the boundary

and the temperaturg, of the surrounding medium. We note that if heat is lost from
the left-hand end of the rod, the boundary condition is

au

ox o h(u(0,t) — uy).

The change in algebraic sign is consistent with the assumption that the rod is at a
higher temperature than the medium surrounding the ends sa(@8t> u,,, and
u(L, t) > u,. At x =0 andx = L, the slopesy (0, t) andu,(L, t) must be positive
and negative, respectively.

Of course, at the ends of the rod we can specify different conditions at the
same time. For example, we could have

au

=0 and u(L,t) =u, t>0.
0X Ix=0 ( ) 0

We note that the boundary condition i)Y s homogeneous if, = O; if uy # 0,
the boundary condition is honhomogeneous. The boundary condiiiois romo-
geneous;if)’ is homogeneous if,, = 0 and nonhomogeneouslif, # 0.

Problems such as
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and
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are calledboundary-value problems.

The partial differential equations (1), (2), and (3) must be
modified to take into consideration internal or external influences acting on the
physical system. More general forms of the one-dimensional heat and wave
equations are, respectively,
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For example, if there is heat transfer from the lateral surface of a rod into a
surrounding medium that is held at a constant temperatyréhen the heat
equation (13) is
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In (14) the functiorF could represent the various forces acting on the string. For
example, when external, damping, and elastic restoring forces are taken into
account, (14) assumes the form
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