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FIGURE 12.13 Steady-state
temperatures in a rectangular plate

With u(x, y) = X(X)Y(y) separation of variables in (l§ads to

X__Y__,

X Y

X" + AX =0 (4)
Y’ =AY = 0. (5)

The three homogeneous boundary conditions in (2) and (3) translad (@te- O,
X'(a) = 0, andY(0) = 0. The Sturm-Liouville problem associated with the equation
in (4) is then

X"+ AX=0, X(0)=0, X(a) =0. (6)

Examination of the cases correspondingite 0, A = —a? < 0, and\ = a? > 0,
wherea > 0, has already been carried out in an example from before. Here is a
brief summary of that analysis.

ForA = 0, (6) becomes

X" =0, X'(0)=0, X'(a)=0.

The solution of the DE iX = c; + ¢,x. The boundary conditions impl{ = c;.
By imposingc, # 0, this problem possesses a nontrivial solution.\Fer—a? < 0,
(6) possesses only the trivial solution. Roe o2 > 0, (6) becomes

X"+ a?X =0, X'(0)=0, X'(a)=0.

The solution of the DE in this problemXs= ¢, cosax + ¢, sin ax. The boundary
condition X’(0) = 0 implies thatc, = 0, soX = ¢, cos ax. Differentiating this last
expression and then settirg= a gives—c; sinaa = 0. Since we have assumed that
a > 0, this last condition is satisfied whera=nwora=nw/a, n=1,2, ... .
The eigenvalues of (6) are thep= 0 andA,, = a2 = n?7?/a®2, n=1,2,....If we
correspondy, = 0 with n = 0, the eigenfunctions of (6) are

n
X=¢, n=0, and X=clcos£x, n=12....

We now solve equation (5) subject to the single homogeneous boundary
conditionY(0) = 0. There are two cases. kgy= 0, equation (5) is simply” = 0;
therefore its solution i¥ = c3 + ¢,y. ButY(0) = 0 implies thatc; = 0, soY = c,y.

2.2
For A, = n?72/a2, (5) isY" —

2 Y = 0. Because &y < b is a finite interval,

we use (according to the informal rule indicated on page 448) the hyperbolic form of
the general solution:

Y = ¢; cosh (my/a) + ¢, sinh fiwry/a).

Y(0) = 0 again implies that; = 0, so we are left witly = ¢, sinh fiwy/a).
Thus product solutions,, = X(X)Y(y) that satisfy the Laplace’s equation (1)
and the three homogeneous boundary conditions in (2) and (3) are

..n n
Ay, n=0, and Ansmhgycosgx, n=12,...,

where we have rewrittenyc, asA,forn =0 and as\,forn=1,2, .. ..
The superposition principle yields another solution:



Uk Y) = Aoy + A, smh*ycosnjx (7)

n=1

We are now in a position to use the last boundary condition in (3). Substituting
x = bin (7) gives

uGob) = () = Ab + 3 (Ansinh”—” b) cos™ 7 x,
n=1 a a
which is a half-range expansion foin a cosine series. If we make the identifica-

tions Agb = a,/2 andA,sinh (Wwb/a) =a,, n=1, 2, 3, ..., it follows from (2)
and (3) of Section 11.3 that

2A,b = ZJ f(x) dx

= f f(x) dx (8)
. N 22 nw
and Ansmh; b= ZJO f(x) cosgxdx
2 a n
A=—"— j f(X) cos— x dx. (9)
., N a
asmh;b

The solution of the boundary-value problem (1)—(3) consists of the series
in (7), with coefficientA, andA, defined in (8) and (9), respectively.

A boundary-value problem in which we seek a solution

of an elliptic partial differential equation such as Laplace’s equd¥fitin= 0,
within a bounded regioR (in the plane or 3-space) such thaakes on prescribed
values on the entire boundary of the region is calledirechlet problem. In
another problem you are asked to show that the solution of the Dirichlet
problem for a rectangular region

82 62

I+ 20-0, 0<x<a O0<y<b

X2 9y?
u(©0,y) =0, u(ay =0, 0<y<b

ux,00=0, ulxh)=Ff(x), 0<x<a

is
- .. hm  nmw 2 a . nmr
u y) = X A,sinh—ysin—x, where A, = —j f(x) sin—xdx (10)
n=1 a a . m Jo a
asinh—b
a
In the special case wher{x) = 100, a= 1, b= 1, the coefficientsA, in (10)
1 — n
are given byA, = 200 1-CIr . With the help of a CAS we plotted the
n7 sinhnz

surface defined byi(x, y) over the regionR: 0=x=1, 0=y=1, in Figure
12.14(a). You can see in the figure that the boundary conditions are satisfied; espe-
cially note that alony = 1, u= 100 for 0= x = 1. Theisotherms, or curves in

the rectangular region along which the temperatipe y) is constant, can be
obtained by using the contour plotting capabilities of a CAS and are illustrated in
Figure 12.14(b). The isotherms can also be visualized as the curves of intersection
(projected into thexy-plane) of horizontal planas= 80, u = 60, and so on, with

the surface in Figure 12.14(a). Notice that throughout the region the maximum
temperature izl = 100 and occurs on the portion of the boundary corresponding
toy = 1. This is no coincidence. There isn@aximum principle that states a solu-

tion u of Laplace’s equation within a bounded regRmvith boundaryB (such as

a rectangle, circle, sphere, and so on) takes on its maximum and minimum values
on B. In addition, it can be proved thatcan have no relative extrema (maxima or



minima) in the interior oR. This last statement is clearly borne out by the surface
shown in Figure 12.14(a).

5100 eSS
- 50
z 0.2} 10
S 0 £
' oos g os 7 R
y X 0.2 0.4 0.6 0.8 1
(a) surface (b) isotherms

FIGURE 12.14 Surface is graplf partial sums wheh(x) = 100 and
a=b=1in(10)

A Dirichlet problem for a rectangle can be
readily solved by separation of variables when homogeneous boundary conditions
are specified on twgarallel boundaries. However, the method of separation of
variables is not applicable to a Dirichlet problem when the boundary conditions on
all four sides of the rectangle are nonhomogeneous. To get around this difficulty,
we break the problem

2 2

a—g+a—g=0, 0<x<a, 0<y<b

ax2  ay

uO,y) = F(y), u(@y) =G(y), 0<y<b (11)

ux, 0)=f(x), uxb)=gKx, 0<x<a

into two problems, each of which has homogeneous boundary conditions on parallel
boundaries, as shown:

Problem 1 Problem 2
A A
U | oy _ o | %, _
o tap -0 0<x<a  O<y<b GF+5E=00<x<a  0<y<b
u;(0,y) =0, w@y) =0, 0<y<b w0y =F() W@y =G() 0<y<b

Uy (X,

0)=1(x), uwxb=gKx,0<x<a uy(x, 0)= 0, Uy(X, b) = 0, 0<x<a

Supposeu; andu, are the solutions of Problems 1 and 2, respectively. If we
defineu(x, y) = u.(x, y) + us(x, y), it is seen thatl satisfies all boundary conditions
in the original problem (11). For example,

u(0,y) = uy(0,y) + ux(0,y) = 0 + F(y) = F(y)
u(x, b) = uy(x, b) + uy(x,b) = g(x) + 0 = g(x)

and so on. Furthermore,is a solution of Laplace’s equation by Theorem 12.1.
In other words, by solving Problems 1 and 2 and adding their solutions, we have
solved the original problem. This additive property of solutions is known as the
superposition principle. See Figure 12.15.
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FIGURE 12.15 Solutionu = Solutionu; of Problem 1+ Solutionu, of Problem 2



We leave to show that solution of Problem 1 is

%

uy(x,y) = E{Ancoshn;y + aninhr:y}sinr:x,

n=1
a
where A, = if f(x) sinrgxdx
0
1 2@ nT nT
" <aL g(x) sin A xdx — A,cos a b>,

nw

sinh—b
a
and that a solution of Problem 2 is

Us(X, y) = E{An coshZ x + aninhmx}sinmy,
= b b b

2 b
where A, = bf F(y) sin%wydy
0

1 2 (b

B,=—— <J G(y) sinn—wydy — Ancoshn—w a>.
.. n7 \bJo b b
smhFa



