When heat is generated at a matgithin a rod
of finite length, the heat equation takes on the form
2
ka—g+r=@, 0<x<L, t>0. Q)
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Equation (1) is nonhomogeneous and is readily shown not to be separable. On the
other hand, suppose we wish to solve the homogeneous heat egugtieru, when
the boundary conditions at= 0 andx = L are honhomogeneous—say, the bound-
aries are held at nonzero temperatuné3; t) = u, andu(L, t) = u;. Even though the
substitutionu(x, t) = X(t)T(t) separateku,, = u,, we quickly find ourselves at an
impasse in determining eigenvalues and eigenfunctions since no conclusion can be
drawn abouk(0) andX(L) from u(0, t) = X(0)T(t) = ug andu(L, t) = X(L)T(t) = u,.
What follows are two solution methods that are distinguished by different types

of nonhomogeneous BVPs.

Consider a BVP involving dime-independent nonhomogeneous
equationandtime-independent boundary conditisgch as
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kS +FX) =— 0<x<L, t>0
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u@,t) = ug u(L,t)=uy, t>0 2
ux,0)=f(x), 0<x<L,
where u, and u; are constants. By changing the dependent variatite a new

dependent variable by the substitutioni(x, t) = v(x, t) + /(x), the problem in (2)
can be reduced to two problems:

ProblemA:  {ky” + F(x) =0, ¢(0) =uy, (L) = u,
LAY
oxz ot
v(0,t) = 0, v(L,t) =0
V(x, 0) = f(x) — ¥(x)
Notice that Problenf\ involves an ODE that can be solved by integration, whereas
ProblemB is a homogeneous BVP that is solvable by the usual separation of variables.

A solution of the original problem (2) is the sum of the solutions of ProtlesnsiB.
The following example illustrates this first method.

ProblemB:

Suppose is a positive constant. Solve equation (1) subject to
u(0,t) = 0, ul,t) =u, t>0
ux,0)=f(x), 0<x<1.

SOLUTION Both the partial differential equation and the boundary condition at
X = 1 are nonhomogeneous. If we Uk, t) = v(x, t) + #(X), then
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=—+¢" and —=—.
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Substituting these results into (1) gives
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k— + kg" +1=—. 3
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Equation (3) reduces to a homogeneous equation if we demandsiufy

r
k" +r1 = f'=—-
1 r=0 or K

Integrating the last equation twice reveals that

W) = — %(xz b eX + ¢y 4)



Furthermore, u(0,t) = v(0,t) + (0) =0
u(d,t) = v(1,t) + (1) = u,.

We havev(0,t) = 0 andv(1,t) = 0O, provided that
$(0)=0 and (1) = u,.

Applying the latter two conditions to (4) gives, in tuca,= 0 andc; = r/2k + u,,.
Consequently,

P(X) = —%(xz + (%( + u0>x.

Finally, the initial condition u(x, 0) = v(x, 0) + ¥(x) implies that
v(X, 0) = u(x, 0) — ¢(X) = f(X) — ¥(X). Thus to determine(x, t), we solve the
new boundary-value problem

YA\,
=2 0<x<1, t>0
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v(0O,t) =0, v(L,t)=0, t>0
v(x,0)=f(x)+%(x2—<L+uo>x, 0<x<1

by separation of variables. In the usual manner we find

v(x, 1) = DA e ¥ " tsinnax,
n=1

where
A Zf f(x)+rx2—<r+u>x sinnmwx dx. (5)
" 2k 2k = 0 :
A solution of the original problem is obtained by addjrg) andv(x, t):
r r - .
— 2 + [— + > + —krPm?t oj ;
u(x, t) T <2k Uo | m%Ame sinnarx, (6)

where the coefficientd, are defined in (5).

Observe in (6) that(x,t) — (X) as—> . In the context of solving forms of
the heat equationy is called asteady-state solutionSincev(x,t) — 0 ag — oo, it
is called aransient solution.

Another type of problem involves eime-dependent nonhomo-
geneous equatioandhomogeneous boundary conditiotunlike Method 1, where
u(x, t) is found by solving two separate problems, it is possible to find the entire
solution of a problem such as
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Kes + ) ==, 0<x<L, t>0
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u@,t) =0, ulL,)=0, t>0 @)

ux,0)=f(x), 0<x<lL,

by making the assumption that time-dependent coefficigjits andF(t) can be
found such that both(x, t) andF(x, t) in (7) can be expanded in the series

mxo=éwmmﬁgxam mmy:éamgﬂgx ®)



where sinQmx/L), n=1, 2, 3, ..., are the eigenfunctions ¥f + AX =0,
X(0) = 0, X(L) = 0 corresponding to the eigenvaluks= a2 = n?7?/L2, The
latter problem would have been obtained had separation of variables been
applied to the associated homogeneous PDE in (7). In (8), observe that the
assumed form fou(x, t) already satisfies the boundary conditions in (7). The
basic idea here is to substitute the first series in (8) into the nonhomogeneous
PDE in (7), collect terms, and equate the resulting series with the actual series
expansion found foF(x, t).

The next example illustrates this method.

2
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Solve +(1—x)smt=a, 0<x<1, t>0

o2
u(0,t) =0, u(L,t)=0, t>0,
ux,0)=0, 0<x<1.

SOLUTION  With k= 1,L = 1, the eigenvalues and eigenfunctionX6f+ AX = 0,
X(0)=0, X(1) =0 are found to ba,, = @2 = n?72 and simmx,n=1,2,3,....
If we assume that

ux, t) = i un(t) sinnarx, (9)
n=1

then the formal partial derivatives ofire

2

u °° . ou o .
— = 2u,)(—n?mw?) sinnx and — = X uy(t) sinnmx. (10)
X n=1 at n=1

Now the assumption that we can wiitgc, t) = (1 — x) sintas

(1 — x)sint = X F,(t) sinnwx
n=1

implies that

1

2| S . . 2
Fn(t) = —f (1 — x)sintsinnTxdx = Zsmtf (1 — x)sinnTxdx = —sint.
1Jo 0 n

&S 2
Hence, (1 — x)sint = Y — sint sinnzx. (11)
n=1 N7

Substituting the series in (10) and (11) igte- u,, = (1 — X) sint, we get

& ) s2sint |
> [ug(t) + nzwzun(t)}sm nmx =, sinnax.
n=1 n=1 N7

To determineu,(t), we now equate the coefficients of sifix on each side of the
preceding equality:

2sint

u,(t) + n272u,(t) = o
aa

This last equation is a linear first-order ODE whose solution is

2 | n?m2sint — cost -
up(t) = — + C,e ",
n(®) n7T|: n‘m* + 1 "

where C,, denotes the arbitrary constant. Therefore the assumed fourk,of)
in (9) can be written as the sum of two series:
5 2 [nzwzsint - cost}

uixt) = -
00 nglmr n*m*+ 1

sinnax + ,C,e "™ tsinnwx.  (12)
n=1

Finally, we apply the initial condition(x, 0) = 0 to (12). By rewriting the resulting

expression as one series,



o _2 .
= —_— +
0 n%[nﬂ-(n“w“ + 1) Cn}SIanX,

we conclude from this identity that the total coefficient ofsitt must be zero, and so
_ 2
" na(n*mt 4+ 1)
Hence from (12) we see that a solution of the given problem is
2m2sint — cost 2 2 1

2 o0
u(x, t) = = En sinnmx + = Y,
T

T4 4 AN — € n*m’t sinnrx.
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