Suppose the
rectangular region in Figure 12.23(a) is a thin plate in which the tempetaisire
a function of timet and position X, y). Then, under suitable conditiongx, y, t)
can be shown to satisfy th@o-dimensional heat equation
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On the other hand, suppose Figure 12.23(b) represents a rectangular frame over

which a thin flexible membrane has been stretched (a rectangular drum). If the

membrane is set in motion, then its displacemgnheasured from thgy-plane

(transverse vibrations), is also a functiont @nd position X, y). When the vibra-
tions are small, free, and undampad, y, t) satisfies thewo-dimensional wave

equation
12 12 -)2
a2<()u+i)u>(u (2)

X2 ()y2 at?’

To separate variables in (1) and (2), we assume a product solution of the form
ux, v, t) = X)) Y(y) T(t). We note that
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As we see next, with appropriate boundary conditions, boundary-value problems
involving (1) and (2) lead to the concept of Fourier series in two variables.
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FIGURE 12.23 (a) Rectangular
plate and (b) rectangular membrane

Find the temperatura(x, y, t) in the plate shown in Figure 12.23(a) if the initial
temperature i§(x, y) throughout and if the boundaries are held at temperature zero
for timet > 0.

SOLUTION  We must solve

k<£g+£g)=%, 0<x<bh O<y<c t>0
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subject to u@,y,t) =0, ub,y,t)=0, 0<y<ct>0
ux,0,t) =0, ux,c,t)=0, 0<x<b,t>0
ux,y, 0)=f(x,y), 0<x<bh O<y<ec
Substitutingu(x, y, t) = X(X)Y(y) T(t), we get
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Since the left-hand side of the last equation in (3) depends only amd
the right side depends only gnandt, we must have both sides equal to a

constant—A:
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By the same reasoning, if we introduce another separation constaim (5),

then
A and T +A=-
y kY H
yield Y'+uY=0 and T + k(A + w)T =0. (6)

Now the homogeneous boundary conditions
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Thus we have two Sturm-Liouville problems
X"+ AX =0, X(0)=0, Xb) =0 (7)
and Y'+uY =0, Y(0)=0, Y(c)=0. (8)

The usual consideration of cases<{0, A =a? >0,A=—-a? <0, =0, and
so on) leads to two independent sets of eigenvalues

M2 772 n2m2
Ay = and = —.
m b2 Mn C2

The corresponding eigenfunctions are

mmr

X(X) = i
(X) = c,sin b

.n
Xx, m=1,2,3..., and Y(y)=c4sm?77y, n=123,....(9

After substituting the known values af, and u,, in the first-order DE in (6), its
general solution is found to BE(t) = cge <Mm/B*+7/o%t A product solution of

the two-dimensional heat equation that satisfies the four homogeneous boundary
conditions is then
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whereA,,,is an arbitrary constant. Because we have two sets of eigenvalues, we are
prompted to try the superposition principle in the form of a double sum
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ux, y,t) = > ZAmne’k[(mﬂb)"(””/@“smesm?y. (10)

m=1n=1
At t = 0 we must have

Uy, 0) = y) = S SALsin 2 xsin Ty, (11)
m=1n=1 b c

We can find the coefficients,,, by multiplying the double sum (11) by the product

sin(mmx/b) sin(hwy/c) and integrating over the rectanglesk=b, 0=y =c.

It follows that
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Amn—bCLLf(x,y)sinszinnCydxdy. (12)



Thus the solution of the BVP consists of (10) withAhg defined in (12).

The series (11) with coefficients (12) is callediae series in two vari-
ables or a double sine seriesWe summarize next theosine series in two
variables.

Thedouble cosine seriesf a functionf (x, y) defined over a rectangular region
0=x=Db,0=y=cisgiven by
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f(XY) = Ago + 2 Ano COS
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where Ago = —f J f(x,y) dxdy
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Ao = &Lfof(x, y) cosTxdxdy
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Aoy = EJOLf(x, y) cos?ydxdy
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Ann = b_cLJof(X' y) cosTxcosTydxdy.



