It is likely the origin of the wordevenand
oddderives from the fact that the graphs of polynomial functions that consist of all
even powers ok are symmetric with respect to tlyeaxis and whereas graphs of
polynomials that consist of all odd powersofare symmetric with respect to
origin. For example,

leven integer

f(x) = x?is even sincé(—x) = (—x)? = x2 = f(x),

lodd integer
f(x) = x3is odd sincd(—x) = (—x)3 = —x3 = —f(x).

See Figures 11.4 and 11.5. The trigonometric cosine and sine functions are even
and odd functions, respectively, since cog = cosx and sin(-x) = —sinx. The
exponential functiong(x) = e*andf(x) = e * are neither odd nor even.
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FIGURE 11.4 Even function; FIGURE 11.5 Odd function; graph
graph symmetric with respect yeaxis symmetric with respect to origin

The following theorem lists some properties of even and odd
functions.

gl Y IREW-Il Properties of Even/Odd Functions

(&) The product of two even functions is even.

(b) The product of two odd functions is even.

(c) The product of an even function and an odd function is odd.
(d) The sum (difference) of two even functions is even.

(e) The sum (difference) of two odd functions is odd.

(f) If fiseven,then?, f(x) dx= 2[5 f(x) dx

(g) If fisodd, then?, f(x)dx = 0.

Let us suppose thdtand g are odd functions. Then we
havef(—x) = —f(x) andg(—x) = —g(x). If we define the product dfandg as
F() = f(X)g(x), then

F(=x) = (=X 9(=x) = (=F(9)(=9(x) = (X 9(x) = F(X).

This shows that the produdt of two odd functions is an even function.

If fis an even function onp, p), then in view of
the foregoing properties the coefficients (9), (10), and (11) of Section 11.2 become

p p
= %fpf(x) dx= %jo f(x) dx

1 p p
a, = Epr(x) cos%'rxdx: %JO f(x) cosn%xdx

even

P p

-
odd

1 p
b, = —f f(x) sin 2x dx= 0.
p



Similarly, whenf is odd on the intervap, p),
2 [P
a,=0, n=0,1,2,..., bn=—f f(X)Sinn—7Tde_
pJo p

We summarize the results in the following definition.

DI LMENO\\MENE Fourier Cosine and Sine Series

(i) The Fourier series of an even function on the intervgl ) is the
cosine series

f(x) = % + Z a, cosn—w X, Q)
n=1 p
2P
where a,=— [ f(x)dx (2)
pJo
ZJP nm
a, = — | f(x) cos— xdx 3)
pJo p

(i) The Fourier series of an odd function on the intervad, (p) is the

sine series
69 = Db, sinTx, )
n=1 p
2 (v ;
where b, = f £(x) SinZ x dx )
pJo p

Expandf(x) = x, —2 < x < 2 in a Fourier series.

SOLUTION Inspection of Figure 11.6 shows that the given function is odd on
the interval (-2, 2), and so we exparfdin a sine series. With the identification

2p = 4 we have = 2. Thus (5), after integration by parts, is
4(_ l)n+l
nm

2
. n
b, =fxsm—77xdx=
0 2

4 =2 (—1 n+1
Therefore f(x) = — 2% sinn%r X. (6)
T n=1

v
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FIGURE 11.6 0Odd function in
Example 1

The function in the example satisfies the conditions of Theorem 1griceH
the series(6) conwerges to the function on (=2, 2) and the periodic extension
(of period 4) given in Figure 11.7.
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FIGURE 11.7 Periodic extension of function shown in Figure 11.6



With the aid of a CAS we have plotted the graiig),
S(X), S;(X), andS;5(X) of the partial sums of nonzero terms of (7) in Figure 11.9. As
seen in Figure 11.9(d), the graph(x) has pronounced spikes near the discontinu-
ities atx = 0, x = 7r, X = —r, and so on. This “overshooting” by the partial suBgs
from the functional values near a point of discontinuity does not smooth out but remains
fairly constant, even when the valNes taken to be large. This behavior of a Fourier
series near a point at whitts discontinuous is known as t@ébs phenomenon.

The periodic extension dfin the example onto the entireaxis is a meander
function.
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FIGURE 11.9 Partial sums of sine series (7)

Expandf(x) = x3, 0 < x < L,
(a) in acosine series (b) in asine series (c) in a Fourier series.

SOLUTION  The graph of the function is given in Figure 11.13.
y

y=x2,0<x<L
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FicURE 11.13 Function is neither
odd nor even.

(a) We have
2t 2 2t nw 4L2(=1)"
a=—| xX¥dx=2L% a,=—-[ xcos—xdx = ———",
oL L 3 "L L L %2
where integration by parts was used twice in the evaluatiap of
2 L2 ® ( 1)n

Thus f(x) = E ST Ty (8)

(b) In this case we must again integrate by parts twice:

2(-., nmw 2L2(-1)t | AL
b, =— [ x%sin—xdx = -1
" LL L n n3 e () I




2L2 * (_1)n+1 2
H ) = = S+
ence (%) - gl{ . "

[(—1) — 1]} sin”T” X )

(c) Withp=L/2, 1p = 2/, andnm/p = 2n7/L, we have

2 (L 2 2t 2n L?
ao:_f x2dx = =12 anz—f x2cosT77de=

L 0 3 L 0 n2’772,
2t 2nm L2
and b, == x¥sin—xdx= ——.
" Lfo L nmwT
L2 L2&f 12 2nT 1 . 2nw
Therefore f(X) = — + — —— COS—— X — — Sin— X. 10
=73 El{nzw LS L X} (10)

The series (8), (9), and (10) converge to thep2riodic even extension df the
2L -periodic odd extension déf and thel-periodic extension df, respectively. The
graphs of these periodic extensions are shown in Figure 11.14.
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FIGURE 11.14 Same function on (Q,) but different periodic extensions

Fourier series are sometimes useful in deter-
mining a particular solution of a differential equation describing a physical system
in which the input or driving forcé(t) is periodic. In the next example we find a
particular solution of the differential equation

d*

m
dt?

+ kx = f(1) (11)

by first representing by a half-range sine expansion and then assuming a partic-
ular solution of the form

%,(t) = S B,sin 2, (12)
n=1 p
An undamped spring/mass system, in which the nmass - slug and the

spring constank = 4 Ib/ft, is driven by the 2-periodic external forb) shown in
Figure 11.15. Although the forddt) acts on the system for> 0, note that if we
extend the graph of the function in a 2-periodic manner to the nedaiiis,
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FicURE 11.15 Periodic forcing
function for spring/mass system

we obtain an odd function. In practical terms this means that we need only find the
half-range sine expansion bft) = #t, 0 <t < 1. With p = 1 it follows from (5)
and integration by parts that

1 2(—1 n+1
b, = ZJ 7t sinnzt dt = L
0

From (11) the differential equation of motion is seen to be

1 d%

% 2(_l)n+l
S0 i ax= Y5
16 dt? =

. sinnst. (13)
=1

To find a particular solutior,(t) of (13), we substitute (12) into the equation and
equate coefficients of smrt. This yields

1 2(_1)n+1 32(_1)n+1
—=n2p2+ 4|B, = ——— By=— .
< 16n7T ) " n or En n(64 — n?z?
5 32(-1)mt

Thus X = X

——————sinnat. 14
Zin(64 — n?7?) m (14)

Observe in the solution (14) that there is no integer 1 for which the
denominator 64- n?z? of B, is zero. In general, if thelis a value of, sayN, for
which N#/p = w, wherew = vk/m, then the system described by (11) is in a state
of pure resonance. In other words, we have pure resonance if the Fourier series
expansion of the driving forddt) contains a term sitzr/L)t (or cos#/L)t) that
has the same frequency as the free vibrations.

Of course, if the g-periodic extension of the driving foréento the negative
t-axis yields an even function, then we expéimda cosine series.



