Recall that ifu andv are two vectors in 3-space, then the
inner product (, v) (in calculus this is written as-v) possesses the following
properties:

0 (v)=(v,u),

@ii)  (ku,Vv) = K(u, v), ka scalar,

(i) (u,u)y=0ifu=0and (,u)>0ifu#0,
@iv) (u+v,w)=(u,w)+ (v,w).

We expect that any generalization of the inner product concept should have these
same properties.

Suppose thdt andf, are functions defined on an interval j].* Since adefinite
integral on [a, b] of the producf,(x) f,(X) possesses the foregoing propertigs ({v)
whenever the integral exists, we are prompted to make the following definition.

Inner Product of Functions

Theinner product of two functionsf, andf, on an interval , b] is the
number

b
(f. fa) = L f1(3) f2(x) dx

Motivated by the fact that two geometric vectors
u andv are orthogonal whenever their inner product is zero, we defthegonal
functions in a similar manner.

Orthogonal Functions

Two functionsf; andf, areorthogonal on an intervald, b] if

(fi.f) = fbfl(x)fZ(X)dX_ 0. 1)

For example, the functiorfg(X) = x2 andf,(x) = x® are orthogonal on the interval
[—1, 1] since

1 1
(f,f) = j x? - x3dx=¢x®| =0.
1 _

1

Unlike in vector analysis, where the wastthogonalis a synonym foperpendicu-
lar, in this present context the teiwnthogonaland condition (1) have no geometric
significance.

We are primarily interested in infinite sets of orthogonal
functions.

p1S S N EN{e] VAP Orthogonal Set

A set of real-valued functions¢{,(X), ¢1(X), ¢»(X), ...} is said to be
orthogonal on an intervalg, b] if

b
((/)m: (l)n) - f (/)m(x)(/)n(x) dx=0, m=n. (2)




The norm, or lengthjul, of a vectoru can be
expressed in terms of the inner product. The expressian & ||ul|? is called the
square norm, and so the normlig| = V(u, u). Similarly, the square norm of a
function ¢, is [|#,(¥)||2 = (¢n, ¢n), and so thenorm, or its generalized length, is
6| = V(bn, bn). In other words, the square norm and norm of a funegipim
an orthogonal setd,(X)} are, respectively,

b b
rf)n(X)sz $i (9 dx and <f>n(><)|\/f i (x) dx ®)

If { $,(X)} is an orthogonal set of functions on the intenall] with the property
that|¢.(X)| =1 forn=0, 1, 2, ..., then ,(X)} is said to be arorthonormal
seton the interval.

Any orthogonal set of nonzero functiong {x)}, n=0, 1, 2, ... can be
normalized—that is, made into an orthonormal set—by dividing each function
by its norm. It follows that the set

{ 1 cosx cos X }
V2r' Vo Nw
is orthonormal on+ , 7.
We shall make one more analogy between vectors and functions. Suppose
Vi1, Vo, andvy are three mutually orthogonal nonzero vectors in 3-space. Such an

orthogonal set can be used as a basis for 3-space; that is, any three-dimensional
vector can be written as a linear combination

Uu=cV; + GV, + Cvg, (4)

where thec;, i = 1, 2, 3, are scalars called the components of the vector. Each
component; can be expressed in termswfind the corresponding vecter. To
see this, we take the inner product of (4) with

(U, Vi) = (1, V1) + C(Va, V1) + Ca(V3, Vi) = Cyf[vyf® + -0 + c5- 0.
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In like manner we find that the componecitandc; are given by

Hence C:

(U, VZ) (U, V3)
=2 and cy=- -2
? © 7 vl

Hence (4) can be expressed as

u= (U,Vl) + (UIVZ) (U,V3) _ i (U!Vn)

Vo, + = Vp.
T 2 R 2 E =

®)

Suppose §,(X)} is an infinite orthog-
onal set of functions on an intervad, [b]. We ask: Ify = f(X) is a function
defined on the intervala] b], is it possible to determine a set of coefficients
c,nN=0,1,2,...,forwhich

f() = Codo(X) + C1ps(X) + -+ + Cupp(X) + - -+ ? (6)

As in the foregoing discussion on finding components of a vector, we can find the
coefficientsc, by utilizing the inner product. Multiplying (6) by,(X) and integrating
over the intervald, b] gives



b b b b
f fF()pm(x) dx = Cof $o(X) pm(x) dx + le 1) Pm(x) dx + - - - + Cnf $n(X) pm(x) dx + - - -

= Co(do, dm) + Cidy, b)) + = = = + Coln, ) + - =

By orthogonality each term on the right-hand side of the last equation iexoeot
whenm = n. In this case we have

b b
J f(X) dn(x) dx = CnJ bn(x) dx
a a
It follows that the required coefficients are

_ LM enedx g,
[242(x)dx

In other words, f(x) = i C, dn(X), (7)
[2£(X) $u(¥) dx
| ()12

With inner product notation, (7) becomes

5 (f, )
) = 3 — 20 4 9.
0= 27400 @ ©)

Thus (9) is seen to be the functional analogue of the vector result given in (5).

where C, =

(8)

Pl NN W8 Orthogonal Set/Weight Function

A set of real-valued functions¢{(X), ¢1(X), ¢»(X), ...} is said to be
orthogonal with respect to a weight functionw(x) on an interval, b] if

fbw(x) Gn(X) Pn(X) dx =0, m+# n.

The usual assumption is thafx) > 0 on the interval of orthogonality,[b].
The set {1, co, cos %, ...} is orthogonal with respect to the
weight functionw(x) = 1 on the interval 7, 7].

If { $n(X)} is orthogonal with respect to a weight functimix) on the interval
[a, b], then multiplying (6) byw(x) ¢,(X) and integrating yields

[2 £ W(X) pa(X) dx
— , 0
. TRCIE (10)
b
where ()2 = f w(x) p2(¥) dx (12)

The series (7) with coefficients given by either (8) or (10) is said to betlaog-
onal series expansiomwnf f or ageneralized Fourier series.

The procedure outlined for determining the coefficients
was formal; that is, basic questions about whether or not an orthogonal series
expansion such as (7) is actually possible were ignored. Also, to eXpand
a series of orthogonal functions, it is certainly necessaryfthat be orthog-
onal to eachg, of the orthogonal setd,(x)}. (If f were orthogonal to every
¢, thenc,=0,n=0,1, 2,....) To avoid the latter problem, we shall assume,
for the remainder of the discussion, that an orthogonal sebriplete. This
means that the only function orthogonal to each member of the set is the zero
function.



